Abstract. The propagation of the tidal wave in convergent estuaries is investigated through a one-dimensional numerical model, which allows to consider the role of finite amplitude effects. The relevant dimensionless parameters characterizing estuarine hydrodynamics are given in terms of independent quantities, namely the geometry of the channel and the tidal forcing. Hence a suitable scale of velocity is derived, which covers both the cases of convergent and dissipative estuaries. Furthermore, the marginal conditions for tidal wave amplification, resulting from a balance between the damping effect of friction and the amplification due to channel convergence, are investigated. We show that the marginal curves can be given the form of power laws whose coefficients depend on the dimensionless tidal amplitude; the linear behavior predicted by analytical solutions is only recovered for vanishing values of the ratio between the tidal amplitude and the tidally averaged water depth. Finally, the proposed scale of velocity and that derived from the model of Savenije and Veling [2005] are tested against numerical results for a wide range of parameters.
Introduction
In this paper we tackle the problem of defining the relevant dimensionless parameters which govern estuarine hydrodynamics in terms of externally defined quantities, namely the large-scale geometrical properties of the estuary and the characteristics of the tidal forcing. We consider a widespread class of tidal environments, namely the well-mixed estuarine channels, where the tidal forcing is so strong that stratification does not occur. In this case the absence of the salt wedge allows one to consider a constant density of water and to describe the flow field using the usual equations of single-phase fluid. The hydrodynamics of such systems is strongly affected by the geometrical characteristics of the channel, in particular by the convergence of the cross-section, which is due to a landward decrease of the width and the average depth, and by the presence of intertidal areas. Understanding the relative role of the various mechanisms may help in interpreting the morphological response of such systems, for which several empirical relationships have been derived, like the Jarret 's [1976] law between tidal prism and channel cross-section. Furthermore, it allows one to evaluate the consequence of both natural and anthropogenic modifications.
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The problem has already received considerable attention (see for instance Ippen [1966] , Dronkers [1964] , Parker [1991] , Jay [1991] , Friedrichs and Aubrey [1994] , Friedrichs et al. [1998] , Lanzoni and Seminara [1998] , Savenije and Veling [2005] ) and various classifications of estuaries have been proposed in terms of their hydrodynamic characteristics, depending upon the relative role of friction, inertia and convergence of the cross-section.
In our work we analyze the hydrodynamical behavior of tidal channels and revisit the existing classifications in terms of external parameters, say those parameters which can be defined only in terms of the geometrical characteristics of the channel and of the amplitude and phase of the forcing tide. A conceptual framework similar to that of Lanzoni and Seminara [1998 ] is adopted. However, their approach requires the specification of a representative scale of flow velocity within the estuary (say, the order of magnitude of velocity at the mouth), which in general cannot be prescribed a priori, without choosing a specific class of estuary, since it depends on the channel response to a given tidal forcing. In our analysis we first determine the above scale as a function of external parameters within the context of a simplified framework that considers only two major factors, namely channel convergence and friction. Our estimate covers both the asymptotic cases of strongly convergent and strongly dissipative estuaries, for which the solution is already known [Lanzoni and Seminara, 1998] . Such scale is then compared with that obtained in closed form on the basis of the set of equations proposed by Savenije and Veling [2005] .
It is worth noting that seeking a correct scale of velocity is a quite relevant issue since almost all the morphological processes in tidal channels depend on the order of magnitude of velocity. One may argue that the knowledge of the velocity scale at the mouth can only provide a rough indication of the hydrodynamic behavior, for which the full solution of the tidal motion within the entire channel would be required. In this respect, several attempts to produce such information, which mostly rely on analytical solutions, are available in the literature [e.g. Lanzoni and Seminara, 1998; Friedrichs and Aubrey, 1994; Friedrichs et al., 1998; Savenije, 1993; Savenije and Veling, 2005] . However, we notice that the velocity scale at the mouth can provide a suitable description of the overall dynamics in terms of external parameters when the variation of velocity amplitude keeps relatively small along the channel. This applies to tidal channels whose hydrodynamic behavior falls within a neighbor of the marginal conditions for wave amplification, say those conditions for which the tidal amplitude does not grow (forced by channel convergence) nor decay (due to frictional dissipation) within a given reach. Field observations (e.g. de Jong and Gerritsen [1984] for the Western Scheldt) and the results presented in Section 7 seem to suggest that the above conditions are approximately met in several estuaries. Moreover, both observational evidences and theoretical results [Myrick and Leopold, 1963; Savenije, 1993; Lanzoni and Seminara, 2002; Todeschini et al., 2003] indicate that the bed profile of tidal channels evolves towards a configuration which ensures a nearly constant velocity amplitude along the channel.
In the general case the information related to the velocity scale at the mouth must be coupled with a suitable description of the amplification process of the tidal wave. Then, as a second step in our analysis, we investigate the marginal conditions for tidal wave amplification. A first attempt to characterize the behavior of a tidal wave in convergent geometries is due to Green [1837] , who deter-mined the simple relationship
where a, B and D are the local values of tidal amplitude and of the width and depth of the channel, respectively (the subscript 0 denotes the values at the mouth). The Green's law relies on two unrealistic assumptions, namely that energy dissipation is negligible and convergence length is much longer than the tidal wavelength. In particular, the frictionless character of the solution does not allow one to describe the wave damping. According to (1) any degree of channel convergence or any decrease of the flow depth should result into an amplification of the tidal wave, which is obviously not true in real estuaries. Green's law has been recently revisited by many authors [Jay, 1991; Friedrichs and Aubrey, 1994; Friedrichs et al., 1998; Lanzoni and Seminara, 1998; Savenije, 2001; Savenije and Veling, 2005] and the role of friction has been suitably included in the analysis. In the present paper the amplification process of the tidal wave in convergent estuaries is investigated in terms of the same set of external parameters which are adopted to define the velocity scale. In particular, we try to emphasize the role of finite amplitude effects on tide propagation and the dependence of marginal conditions for wave amplification on the amplitude of the tidal wave. The latter effect has not received specific attention in previous works, since most of them tackle the problem of wave propagation in convergent estuaries by means of analytical models which are based on the assumption that the tidal amplitude a can be assumed to be small as compared with the tidally averaged depth D. In terms of the dimensionless tidal amplitude
the above assumption reads
The assumption (3) allows for a linearization of the governing equations, leading to analytical solutions. However, the condition (3) is not always met in real estuaries, as shown in Table 1 where typical estimates of the amplitude ratio ε for some estuaries are given: data are based on the values reported by Lanzoni and Seminara [1998] and Savenije [2001] .
More in general, we note that the role of non-linear terms may strongly influence the changes of tidal wave characteristics along the estuary, as it has been clearly recognized in previous analyses [e.g. Parker, 1991; Le Provost, 1991] . In particular, non-linear terms are able to produce higher harmonics, even when the system is forced by a simple sinusoidal tidal oscillation. In order to preserve the fully non-linear character of the governing system, in the present analysis we follow a numerical approach. A relatively simple model is used to investigate the role of different controlling parameters on the properties of the tidal wave, namely channel geometry, friction and tidal forcing. Hence, several simplifying assumptions are introduced: in particular, we ignore the presence of intertidal areas as well as the effect of the incoming river discharge.
The main output of the model is that the marginal conditions for tidal wave amplification in convergent estuaries, set in terms of the relevant dimensionless param-eters accounting for the relative role of inertia, friction and convergence, may be strongly affected by the amplitude of tidal wave; as a result the analytical estimates based on linearized models are only obtained for small values of ε.
The rest of the paper is organized as follows. In the next section we introduce the mathematical model. The definition of the characteristic scales and of the relevant dimensionless parameters is given in Section 3, while a suitable evaluation of the dependent scales of velocity and length, set in terms of external variables, is given in Section 4. In Section 5 we derive the analytical solution of the set of the non-linear algebraic equations proposed by Savenije and Veling [2005] and we compare it with our analytical and numerical estimates. We then briefly revisit the subject of estuarine classification in terms of the above scales (Section 6) and we derive a relationship for the marginal conditions of tidal amplification in convergent estuaries (Section 7).
Formulation of the problem
We consider a tidal channel with varying width and depth and we investigate the propagation of the tidal wave within the framework of a one-dimensional crosssectionally averaged model.
We assume that a rectangular cross-section is suitable to describe, as a first approximation, the behavior of a real section of the channel. Notice, however, that the choice of a triangular cross-section may have a significant influence as shown by Prandle [2003] . In order to reduce the number of the parameters involved in the problem, we also neglect the influence of the intertidal areas adjacent to the channel.
The sketch of the geometry of the idealized tidal channel is represented in Figure 1 , where x is the longitudinal coordinate directed landward, starting from the mouth of the estuary. The standard one-dimensional shallow water equations are used, which read
where t is time, Q is the water discharge, Ω is the area of the cross-section, H is the free surface elevation, g is gravity, D is the water depth and j is the friction term. The friction term reads
where U is the cross-section averaged velocity, C h is the dimensionless Chézy coefficient and R h is the hydraulic radius. Following the practice to assign the GaucklerStrickler coefficient ks, we set C h = ksR
We assume that the width of the channel B can be described using an exponentially decreasing function
where L b is the convergence length. The asymptotic width B ∞ is included to set a minimum landward width when the estuary is long compared with L b . Alternative choices with respect to (7) have been proposed to fit the real estuarine geometry, like power laws or more complex regressions [e.g. Prandle, 1991] . The exponential relation (7) allows one to express the channel convergence in the simple form
where ψ b is a function of B. When the asymptotic width B ∞ is much smaller than the actual width, ψ b is nearly equal to 1, thus the dependence on the width can be ruled out from the governing equations. Finally, as a first approximation, the channel bottom is assumed to be horizontal.
The seaward boundary condition is given in terms of the free surface by the sea level, which is assumed to be determined by the tidal oscillation without any influence of the internal response of the estuary. Present analysis is restricted to a sinusoidal forcing
with constant amplitude a 0 , corresponding to an M 2 tide with a semidiurnal period T 0 ; hence we neglect external overtides and the monthly cycle of neap/spring tides. The choice of a suitable landward boundary condition is not straightforward and depends on the characteristics of the estuary. Two extreme cases can be identified: the reflecting barrier and the transparent condition. The former situation corresponds to a closed boundary and implies vanishing discharge at the landward end of the channel, which determines the complete reflection of the wave. The latter condition refers to a tidal river; if the fluvial discharge is negligible, as we will assume in the following, the tidal wave exits from the computational domain without being deformed or reflected. It is worth mentioning that in the case of strongly convergent channels tide propagation is only weakly dependent on the choice of the landward boundary condition [Friedrichs and Aubrey, 1994] .
The variables H and Q are obtained by the numerical solution of the system (4)-(5), discretized through finite differences and solved using the explicit McCormack method [see also Lanzoni and Seminara, 2002] . We note that the discharge Q is used instead of the velocity U in order to write the differential system in a more conservative form. The numerical method, provided the usual CFL condition is satisfied, is second order accurate both in space and in time. In order to avoid spurious oscillations, in particular when the wave steepens due to frictional or geometrical effects, a TVD filter is applied (see, for instance, Garcia-Navarro et al. [1992] ). Numerical results presented in the following sections come from several hundreds of numerical simulations corresponding to different combinations of model parameters which cover a wide spectrum of tidal channels in nature.
External parameters
The hydrodynamic behavior of an estuary can be roughly characterized in terms of few dimensionless parameters, whose definition implies the introduction of suitable scales. In tidal systems the scale of velocity cannot be directly prescribed, since it results from the global response of the estuary to the forcing conditions. Moreover, different length scales can be defined, depending on the period of the forcing and the characteristics of the channel.
Several attempts to identify suitable scales (e.g., a simple scale for the velocity) and the governing parameters of tidal hydrodynamics can be found in the literature [e.g. Jay, 1991; Savenije, 1993; Friedrichs and Aubrey, 1994; Lanzoni and Seminara, 1998; Savenije and Veling, 2005] . However, the above approaches are not entirely based on independent external parameters and thus the resulting estimates cannot be used as fully predictive tools. The need for characterizing tidal motion in terms of independent external parameters has not been clearly recognized until now. For instance, Savenije [1992, 2001] and Savenije and Veling [2005] propose a set of equations to describe the response of tidal channels to external forcing; however, their relationships are given in terms of parameters which are not known a priori unless the flow field is computed. In particular, their velocity scale is set in terms of the phase lag between high water and high water slack, though an analytical solution can be derived in terms of external parameters, as shown in Section 5.
In the following we essentially adopt the same set of parameters introduced by Lanzoni and Seminara [1998] . In their formulation the explicit evaluation of these parameters requires the introduction of an estuarine classification, since a suitable estimate of the scale of velocity must be supplemented, which in turn depends upon the dominant process governing the hydrodynamical response.
In the present work we pursue the attempt to define the relevant dimensionless parameters only in terms of external quantities, namely the tidal period T0, the amplitude of tidal oscillation a0, the reference values of channel width B0 and depth D0, evaluated at the mouth of the estuary, the characteristic length of width variations L b and the reference value C0 of the Chézy coefficient. The above parameters allows one to account for the basic ingredients of tidal hydrodynamics, namely friction, inertia and convergence. It is worth noting that the role of the channel length, which may become the dominant length in short channels where the tidal wave is reflected by the landward boundary, is not considered herein. However, the reflection can be damped by a landward shoaling bottom also in the case of a relatively short channel.
We express the a priori unknown scales of length L0 and velocity U0 in terms of the frictionless scales, Lg and Ug, in the form
where
and
In the next section the coefficients λ and µ will be estimated in terms of external parameters. A first relevant external parameter is the dimensionless tidal amplitude ε, which is defined as in (2). Further parameters can be obtained through equations (4) and (5). In particular, setting ψ b = 1, momentum and continuity equations read
where the bed has been assumed to be fixed.
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We introduce the following scaling:
where an asterisk denotes dimensionless variables. Substituting from (6) into (13), with the assumption R h D, the system (13)- (14) reads
where the following dimensionless parameters arise:
The parameter γ (convergence ratio) accounts for the effect of width variation along the estuary, while the parameter χ is related to the ratio between friction and inertia. We note that the actual friction to inertia ratio is µχ, as it can be clearly seen from (16), while µγ measures the kinematic effect of channel convergence relative to the temporal oscillation of free surface elevation. In fact, both Parker [1991] and Lanzoni and Seminara [1998] set their estuarine classification in terms of the ratio R/S, where (in our notation)
account for the relative effect of friction and inertia with respect to gravity. As pointed out before, according to their formulation the velocity scale U 0 should be given a priori, while it can only be determined once the hydrodynamic field is known.
On the other hand, the external definition (19) does not require the knowledge of the scale of velocity: hence, the advantage with respect to the existing formulations is that γ and χ can be estimated directly on the basis of directly measurable quantities. Hence, a classification of estuaries based on external parameters can be introduced, set in terms of the friction to inertia ratio and of the convergence ratio
as in Lanzoni and Seminara [1998] , provided we are able to establish a suitable relationship between the dimensionless scale of velocity µ and the parameters γ and χ. This problem is tackled in the next section. Estimated values of the convergence length, Chézy coefficient and velocity scale for some estuaries are given in Table 1 along with the corresponding values of the dimensionless parameters χ and γ. The table is based on the data reported by Lanzoni and Seminara [1998] and by Savenije [2001] . As for the latter Author, values of the velocity scale are not included since they were not directly measured.
It is important to note that data reported in Table 1 highlight the strong correlation between the dimensionless parameters χ and ε, as it clearly emerges from Figure  2 . In fact, given realistic values of depth and Chézy coefficient, the range of variation of χ is related to ε due to the linear dependence embodied in (19): large values of ε typically correspond to large values of χ. This fact will be further discussed in Section 7.
The correspondence between our parameters and those used in Lanzoni and Seminara [1998] is reported in Table  2 .
The scale of velocity
We now attempt to derive a suitable reference scale of velocity in terms of external parameters, that is to relate the dimensionless scale µ to the parameters χ and γ characterizing the estuarine channel. Following the lead of Lanzoni and Seminara [1998] , our analysis is based on dimensional arguments; moreover, the results of the numerical model are used to determine the relative importance of terms appearing in the governing equations and to check the suitability of our assumptions.
Before introducing a new velocity scale for the general case, we first revisit the results already obtained for two asymptotic cases [Lanzoni and Seminara, 1998 ], and test their range of applicability through a comparison with the results of the fully non-linear numerical model. It is important to note that as a numerical estimate of the scale of velocity, U 0 , we use the algebraic mean of the absolute values of flood and ebb peaks of velocity evaluated at the mouth of the estuary.
We now consider the first of the two asymptotic cases. In the strongly convergent and weakly dissipative case (large values of γ and small values of χ), the continuity equation (17) 
Hence, the dimensionless velocity scale can be given the following estimate [Lanzoni and Seminara, 1998 ]:
In Figure 3 we test the above estimate against the numerical results: it appears that equation (22) is strictly valid only for large values of γ (say γ > 3, strongly convergent estuaries), for which the influence of χ is negligible. We note that, for given values of the depth D 0 , the dependence on the parameter χ is felt through the parameter ε. The curve corresponding to ε = 0.001 displays an oscillating behavior which may be due to amplification associated with the transition through the condition of critical convergence, as defined by Jay [1991] . An improvement of equation (22) can be obtained if we consider that the value γ = 2/π (for which L b is a quarter of the frictionless wavelength L g ) corresponds to the lower limit for strong convergence (see also Jay [1991] and Lanzoni and Seminara [1998] ). For γ > 2/π, the velocity scale is better fitted through the following estimate
whose adaptation to numerical results is more satisfactory in the weak dissipation limit ε 1, which corresponds to χ 1. The dimensionless length scale λ, defined in equation (10), can be obtained through the momentum equation (16), which essentially reduces to a balance between local inertia ∂U * /∂t * and gravity λ/µ ∂H * /∂x * and implies λ ∼ µ. Using relationship (22), the dimensional length scale can be given the form L 0 ∼ γL g . Note that L 0 , which is a measure of the longitudinal variations, may be much longer than the convergence length, as can be readily derived using definition (18). We observe that in this case the tidal wave tends to lose its dependence on the reflected wave at the landward boundary [Friedrichs and Aubrey, 1994] .
The other asymptotic case, the strongly dissipative and weakly convergent limit (large χ, small γ), can be examined using the same procedure adopted in the previous case [see also Lanzoni and Seminara, 1998 ]. When γ is negligible, the continuity equation (17) implies a balance between two terms, namely ∂H * /∂t * and µλ D * ∂U * /∂x * . In this case the velocity scale cannot be directly determined from continuity equation since the length scale λ is also unknown. Hence, the momentum equation (16) is required for its evaluation.
Assuming that the term µλU * ∂U * /∂x * is always negligible, the relative importance of the remaining terms changes during the tidal cycle. Since the aim of the analysis is to determine a reference value of velocity corresponding to its peak values, here we consider those parts of the tidal cycle in which the velocity is around its maximum value. Under these conditions the local inertia ∂U * /∂t * vanishes, letting the frictional term µχU * |U * | / C 2 D * and the gravitational term λ/µ∂H * /∂x * to balance. We note that, on the contrary, as the velocity vanishes friction is no longer dominant and a balance between gravity and inertia holds.
As a result, continuity and momentum equations suggest that in the strongly dissipative and weakly convergent limit the following relationships hold
which imply
Note that in constant-width channels the dimensionless velocity depends only on χ and does not depend directly on ε. The estimate (25) is fairly well reproduced by the numerical results, as reported in Figure 4 : the agreement is satisfactory for χ > 2. For χ < 1 the above solution does not hold: in this case equation (25) would lead to µ > 1, which is not possible because µ = 1 is the upper limit for the frictionless case (unless resonant phenomena are considered, which can occur in short channels). At this point we can consider the general case, for those estuaries that are characterized by values of the parameters γ and χ such that both friction and convergence are important; note that this is the most common case. Building upon the results obtained previously, we propose a novel formulation to evaluate the reference velocity at the mouth of the estuary in terms of external parameters, when both χ and γ are not vanishing. For the momentum equation (16), the same balance as in the strongly dissipative and weakly convergent asymptotic case holds. On the other hand, in the continuity equation (17) 
where the former relationship covers both the asymptotic cases discussed above, as χ or γ vanishes. The above estimates on the relative importance of various terms in the governing equations are confirmed by the results of numerical simulations; an example is given in Figure 5 where the time variation of different terms appearing in the dimensional equations (13) and (14) is reported for a dissipative and convergent channel. In the plot we suggest to focus the attention on those parts of the tidal cycle in which the velocity attains its maximum in absolute value, which are determined according to the results reported in Figure 6 .
From (26), simple algebraic manipulations lead to the following dimensionless relationship
which can be cast in the following form
where we have set
Note that a modified parameter γ has been suitably introduced, with the subtraction of 2/π on the basis of the considerations reported in deriving equation (23). The relationship (28) is valid provided the frictionless limit µ ≤ 1 is satisfied and for constant-depth channels which are long enough to be unaffected by the influence of the landward boundary condition. Finally, according to (26), the characteristic length scale can be expressed in terms of the solution (28) in the following form
which is valid only when χ does not vanishes. In Figure The agreement between the theoretical formulation (28) and numerical results is fairly satisfactory within a wide range of values of the governing parameters. We may observe that the dimensionless amplitude ε does not seem to influence the numerical solution. The discrepancy between theoretical estimate and numerical results is larger for weakly dissipative and weakly convergent estuaries. However, in these cases the frictionless scale (12) provides a suitable estimate of the order of magnitude of velocity.
We now try to test the relationship (28) using the available data on the velocity scale U0 measured in some estuaries, which are summarized in Table 1 . The comparison between estimated and observed values of reference velocity is given in Figure 8 : the agreement seems fairly satisfactory, given the over-simplified one-dimensional geometrical schematization adopted in our model and the uncertainties affecting measured data. For instance, in the case of the Scheldt estuary, the maximum velocity at the mouth of the estuary is actually around 1 m/s [Toffolon, 2002] , while the value 0.5 m/s reported by Lanzoni and Seminara [1998] refers to the tidally averaged velocity evaluated using tidal volumes by de Jong and Gerritsen [1984] . We note also that, since no information is provided about the presence of tidal weir which may affect the landward boundary condition, the effect of the finite length of the estuary is not included in the analysis.
The analytical solution of Savenije's model
In this section we revisit the analytical approach proposed by Savenije [1992 Savenije [ , 1993 Savenije [ , 1998 Savenije [ , 2001 Savenije [ , 2005 and Savenije and Veling [2005] in terms of the external parameters χ, γ and ε adopted in the present work. In particular, we show that from their set of equations an estimate of the velocity scale can be derived in closed form and we test their prediction against the fully numerical solution of the problem. In the following we refer to the set of equations reported in Savenije and Veling [2005] , where an analytical system of four equations is proposed in terms of tidal velocity amplitude, tidal wavelength, damping length scale (δ H or δ u , see below) and phase lag α between high water and high water slack (α = 0 for a standing wave and α = π/2 for a progressive one).
We rewrite the Authors' relationships in our notation (see Table 3 ) neglecting the presence of intertidal areas. We also introduce the dimensionless tidal damping
where we follow the same approximation proposed bySavenije [1993, 2001] . Since we are mainly concerned with the scale of velocity at the mouth, we specify the governing system at x = 0 (see also Table 3 ). The damping equation (eq. 34 in Savenije and Veling, 2005) , the scaling equation (eq. 16) for tidal velocity amplitude, the celerity equation (eq. 33) and the phase lag equation (eq. 15) take the following form
where the actual celerity has been expressed as c = c 0 /λ. The above system constrains the solution space of the unknown variables µ, λ, δ and α. We note that it has been derived under the assumption of small values of dimensionless tidal amplitude ε. Algebraic manipulation of (32), (33), (34) and (35) allows us to find the solution for tidal velocity amplitude µ in the form of a 10-th order equation, which involves three families of solutions. One of them, namely µ 2 +γµ+ 1 = 0, must be discarded because it gives only negative values of µ. The second family,
only depends on γ; its solution reads
which attains real values only for γ > 2. The third family,
can be solved to give the real solution
One may argue that equation (39) is the physical solution of the problem, inasmuch as it depends both on χ and γ; however, the above conclusion is not always correct, as shown below.
Once the solution for µ is obtained, the other unknowns can be computed as
A careful inspection of solutions (41), (42), (43) is required in order to choose the physical solution for µ between (37) and (39). In particular, equation (41) suggests that increasing γ implies a transition from negative values of δ (damping) to positive values (amplification). On the other hand, equation (43) gives real values of λ provided
It is easy to show that solution (37) automatically satisfies this condition within its range of validity (γ > 2). On the contrary, solution (39) conforms to (44) within a region of the χ-γ plane delimited by a threshold curve γcr(χ). In fact, for γ > γcr the solution (39) is not physical because (43) would imply an imaginary wavelength; hence, the threshold curve marks the transition to the other solution (37). We note that (37), which depends only on γ, corresponds to the solution valid in the strongly convergent limit, when the dependence on χ is negligible; in this case (43) gives λ = 0, which implies that the wavelength L0 → ∞ [Friedrichs and Aubrey, 1994] . The comparison between the analytical solution of the system (32-35) and the relationship (28) is plotted on the χ-γ plane in Figure 9 (the corresponding numerical results are given in Figure 7 ). The analytical relationships are tested against the results of the fully numerical model on the parity diagram of Figure 10 . We can see that both solutions behave reasonably well; in particular, (28) performs satisfactorily when finite amplitude effects are significant, say for µ smaller than about 0.7. As already noted in Section 4, such scale fails for µ → 1, where models based on the assumption of small tidal amplitude, X -13 like (37)-(39), provide better estimates.
Estuarine classification
Various attempts to characterize the hydrodynamic response of estuaries, based on the values of dimensionless parameters, can be found in the literature (see, among others, the classification introduced by Lanzoni and Seminara [1998] in terms of weakly/strongly convergent and weakly/strongly dissipative tidal channels). We now try to revisit the subject in the light of the results of present work and test in which cases the scale of velocity (28), which accounts for both convergence and friction, has to be applied. This will also enable us to assess the range of validity of the asymptotic solutions. We base our classification on the external parameters γ and χ defined in Section 3. As discussed above, the relative importance of friction with respect to inertia is measured by the product µχ, where µ is dependent on both χ and γ as shown in Figure 7 .
In the strongly convergent and weakly dissipative limit, negligibility of frictional term µχU
with respect to gravitational (λ/µ)(∂H * /∂x * ) and inertial (∂U * /∂t * ) terms in momentum equation (16) requires that
where the asymptotic relationships for µ and λ, derived in the corresponding case of Section 4, have been used. Given the condition (45), also the balance (21) adopted in the continuity equation (17) is justified. Note that a strongly convergent channel keeps weakly dissipative also for relatively large value of χ. This can be easily explained if we consider that µ decreases when γ and χ increase, so that the product µχ keeps limited. Actually, the real condition which distinguishes the weakly dissipative case can be obtained using the general scale (28) for µ in the condition µχ 1. The curve µχ = 1 is plotted in Figure 11 , where the regions of validity of the condition (45) and of the condition corresponding to the strongly dissipative limit (see below equation 46) are also indicated. We may note that the general condition µχ = 1 is well fitted by the curve γ = χ. It is worth recalling that, according to previous analysis, the definition of the friction to inertia ratio requires the knowledge of the velocity scale from field measurements, while in the present formulation the validity limits of the asymptotic relationships can be given in the χ-γ plane, that is in terms of external parameters.
The other asymptotic case is the weakly convergent and strongly dissipative limit. The convergence term (µγU * D * ) in the continuity equation (17) 
which can be readily derived by substituting the relationships (25) in the conditions µγ 1 or µγ µλ. The general solution (28) is plotted in Figure 12 along with the contour lines of the friction to inertia ratio µχ: in the limits γ 1 or χ 1 the dependence on the parameters χ and γ vanishes, respectively. It appears that most of the data from real estuaries reported in Table 1 fall within the region laying between the conditions (45) and (46), where the simplified asymptotic solutions do not hold. Finally, we note that the contour line µ = 1 lays close to the boundary of the region γ < 1 and χ < 1, where the frictionless solution is approximately valid.
As pointed out in Section 3, the short channel limit is not discussed herein. The case is relevant when a reflective barrier is imposed at the landward end such that the length scale of frictional damping is larger than the physical length. Under this condition the description of the tidal wave can be greatly simplified, as shown, for instance, by Ippen [1966] and Schuttelaars and de Swart [1999] . In this case the length scale for the variation of velocity coincides with the physical length of the estuary and the velocity follows approximately a linear behavior along the estuary; furthermore, the length scale of free surface oscillation increases as the channel length decreases.
Marginal conditions for amplification
The dynamic balance which governs the amplification of a tidal wave in estuarine channels essentially involves convergence and friction: in our analysis these effects are described in terms of the dimensionless parameters γ and χ, respectively. In this section we study the marginal conditions for the amplification of the wave amplitude; they are determined by those values of the above parameters for which the tidal wave does not amplify nor decay during its propagation, with respect to the high water level, within a convenient reach of the estuary relatively close to its mouth.
As pointed out in the Introduction, most of the analytical approaches which has been introduced so far to investigate the marginal conditions are based on the assumption that the parameter ε is relatively small. The resulting relationships for the marginal state can be cast in the following form:
For weakly convergent and weakly dissipative estuaries Lanzoni and Seminara [1998] have obtained a linear dependence, with m=1 and k = 8/(3π) 0.85. On the other hand, for strongly convergent channels, Friedrichs and Aubrey [1994] have found that marginal conditions are attained when the actual celerity c of the tidal wave is equal to the frictionless value of celerity c 0 . Adapting their relationship to our notation, we find in this case m = 0.5 and k = 8/(3π) 0.92.
However, according to field data reported in Table 1 the small-amplitude condition is rarely satisfied by real estuaries. The question then arises on whether the above marginal conditions are affected by the amplitude of the tidal wave. Here we try to address the above question through the numerical solution of the fully non-linear governing system.
The marginal conditions for tide amplification are determined through numerical experiments, running each simulation until a tidally averaged equilibrium state is reached by the system. Then, the resulting high water level at a given section is compared with that imposed at the mouth. The test section is chosen at a distance of nearly 60 km from the mouth: we note that a different choice does not affect the results significantly. An iterative algorithm is used in order to obtain, within a given tolerance, the value of the length L b for which the difference between the two high water levels is minimized. Simulations are performed placing a reflective barrier at the landward end; however, the length of the estuary is always set as large enough to avoid any influence of the boundary condition on the solution.
The data set used for the determination of the marginal conditions covers a wide range of values of the parameters, namely
, which are selected paying particular attention to the choice of typical conditions of real estuaries.
To reduce the number of external parameters the channel is assumed to be wide and we set B ∞ =0 and R h D. The marginal conditions obtained numerically are plotted in Figure 13 in terms of the dimensionless parameters χ and γ, for different values of the amplitude ratio ε. The region falling below the numerical points corresponds to wave damping during its propagation landward, while the region above them corresponds to wave amplification. The results clearly suggest that the larger are the dissipative effects along the estuary (large χ), the stronger is the degree of convergence required to achieve the marginal conditions. On the contrary, a relatively weak variation of channel geometry is able to produce the amplification of the tidal wave in weakly dissipative estuaries. Figure 13 shows that numerical points corresponding to a given value of ε can be fitted fairly well through power law curves of the form (47), whose coefficients m and k depend on the parameter ε. The above dependence embodies the effect of the amplitude of the tidal wave on its amplification. The numerical findings are summarized in Figure 14 where m and k are plotted as functions of ε. It appears that the exponent m depends strongly on the amplitude ratio: its value decreases sharply as ε increases and reaches an almost constant value, nearly equal to 0.6, for relatively large values of ε.
The marginal curves reported in Figure 13 confirm the close relationship between the value of the dimensionless amplitude ε and the corresponding range of variation of the frictional parameter χ shown in Figure 2 . Moreover, in the region of the χ-γ plane where the marginal curves are located, increasing χ results directly in a larger friction to inertia ratio µχ (see Figure 12) . Now, let us consider separately the two cases of weak and strong dissipation. Numerical results for the case of weakly convergent and weakly dissipative channels are represented by the curve corresponding to small values of ε in Figure 13 . As pointed out before, the analytical solution suggests that in this case a linear relationship should hold, with m=1 and k 0.85. Results of numerical model conform to this behavior only for very small values of ε, which is consistent with the assumption (ε 1, χ 1, γ 1) under which Lanzoni and Seminara [1998] derived their solution. For commonly observed values of the tidal range within this class of estuaries (see Table 1 ) the power law is strongly non-linear as shown in the figure. This is also confirmed by the results reported in Figure 14 which show that the tendency of m towards unity as ε vanishes is almost vertical. The above findings suggest that the range of validity of the weakly dissipative linearized theories is quite limited since the fully non-linear solution diverges rapidly as ε increases. Also notice that the effect of the landward boundary condition becomes increasingly important in the numerical model as we approach the frictionless limit, that is for very small values of the dimensionless parameters χ and ε.
In the case of strong convergence and dissipation a significant influence of the tidal amplitude on wave characteristics can be expected along with a substantial deviation from the linear behavior. In this case the approximate analytical solution [Friedrichs and Aubrey, 1994] leads to a value of the exponent m =0.5 which is fairly close to the numerical result (m 0.6) within a wide range of values of ε, namely those which are typically en-countered in real estuaries according to the data reported in Table 1 . However, the coefficient k 0.92 of the analytical solution is attained by the numerical solution only in the case of ε → 0 (see Figure 14) , which is not typical of strongly convergent estuaries.
It is worth noting that in Figure 13 the marginal conditions for strongly dissipative channels are typically identified by relatively large values of ε, while γ keeps relatively close to unity (the marginal curves lay in the neighborhood of the γ = χ 1/3 line which discriminates the weakly convergent case). On the other hand, the asymptotic solution of Friedrichs and Aubrey [1994] is based on two assumptions: strong convergence and values of ε small enough to linearize the equations. Since both approximations are not strictly verified in this case, this may explain the discrepancy between the fully non-linear numerical results and their analytical solution. Moreover, linearization of the friction term (6) is justified only for relatively short channels, in which non-linear effects cannot fully develop [Lanzoni and Seminara, 1998 ].
The marginal conditions for tidal wave amplification can be cast in a more suitable form if we introduce a modified parameter
using the values of the coefficients k and m given in Figure 14. In this case the threshold lines discriminating amplification or damping of tidal wave collapse on a single curve γ = χ ε , as shown in Figure 15 . In the same figure data from real estuaries taken from Table 1 are also reported. In the plot triangles denote those estuaries for which experimental evidence of wave amplification has been reported [Ippen, 1966; Friedrichs and Aubrey, 1994; Savenije, 2001] , while squares indicate estuaries where tidal damping has been measured [Savenije, 2001] ; for the remaining cases (circles) we were not able to find suitable information on wave behavior. In spite of the uncertainties affecting field data and of the approximations adopted in the present approach, the theory seems able to reproduce fairly well the overall behavior of the examined estuaries. The figure also suggests that a significant part of the estuaries considered in the analysis fall within a neighbor of the marginal conditions, which implies weakly amplifying waves. In these cases the estimated value of the velocity scale at the mouth obtained in Section 4 is more likely to provide a representative measure of the velocity scale within the whole estuary. It is worth recalling that the suitability of the linear solution to reproduce measured data on wave amplification has been verified by Friedrichs and Aubrey [1994] for some estuaries; however, in their analysis a suitable choice of model parameters is introduced, whose values change along the estuary (two reaches are considered for Thames and three for Delaware). Close to the marginal state a significant departure of approximate linear solutions from the fully non-linear solution can be expected. This is confirmed by the comparison reported in Figure  16 , where the marginal conditions obtained according to the analytical solutions of Lanzoni and Seminara [1998] and Friedrichs and Aubrey [1994] are tested against the same set of data. As pointed out before the main reason for the above discrepancy is related to fact that linearization is not justified, even under weakly amplifying (or damped) conditions, due to the strongly non-linear dependence of the solution on tidal amplitude, unless the amplitude ratio is vanishingly small.
Savenije [2001] proposes an alternative relationship for the marginal conditions, based on the criterion that the actual wave celerity must equal the frictionless celerity, as in Friedrichs and Aubrey [1994] . The above criterion can be readily obtained from (34), which reduces to λ = 1 under marginal conditions (δ = 0). Furthermore, under these conditions equations (32), (33) and (35) 
Hence, the marginal conditions, as obtained through the model of Savenije and Veling [2005] , can be given the following representation in terms of external parameters
The above relationship is tested against the results of the complete numerical solution in Figure 16 . It appears that equation (50) is more accurate than the asymptotic solutions of Seminara [1998] and Aubrey [1994] , though it departs from the complete solution as ε increases.
Conclusions
In this paper we have tackled the problem of defining the relevant dimensionless parameters which govern estuarine hydrodynamics in terms of externally defined quantities, namely the large-scale geometrical properties of the estuary and the characteristics of the tidal forcing. Motivation for the study comes from the recognition that the knowledge of the relationships between the hydrodynamic response of tidal channels and the external factors (length of the estuary, friction, channel convergence, bed altimetry, river discharge) is required to properly evaluate the consequence of both natural and anthropogenic modifications.
Despite the large number of contributions which have been devoted to the subject, these relationships are not clearly interpreted yet. Differently from previous authors, we have considered the scale of velocity as fully determined by the above parameters. Thus, without choosing a priori a class of estuary, we have introduced a classification based on the frictional parameter χ, defined in (19) , and the convergence degree γ, given by (18). Using these parameters we have obtained a suitable scale of velocity µ, which covers both the case of strongly convergent and of strongly dissipative estuaries, and we have proposed an external definition of the ratio between friction and inertia (i.e. R/S, according to Lanzoni and Seminara's [1998] notation) on which the existing criteria for estuarine classification are based. The agreement between the proposed estimate and the available data from real estuary is reasonable, given the strongly simplified character of the model and the uncertainty affecting literature data. Incidentally we notice that detailed field measurements of cross-sectional velocity, which can be obtained, for instance, through ADCP techniques, would be highly desirable in order to accurately verify the theoretical predictions.
We have shown that both friction and convergence tend to decrease the reference velocity with respect to its frictionless value (µ < 1); on the other hand, convergence increases the characteristic length scale while friction tends to decrease it. We have also shown that marginal conditions for tidal wave amplification can be given the form of power laws in terms of the relevant dimensionless parameters which account for the effect of friction, inertia and convergence. Such laws exhibit a strong dependence on the dimensionless tidal amplitude ε such that the linear behavior predicted by the analytical solution of Lanzoni and Seminara [1998] in the case of weakly dissipative and weakly convergent estuaries is recovered only for very small values of ε, while the strongly convergent solution of Friedrichs and Aubrey [1994] is not attained precisely.
Furthermore, we have tested against numerical results the analytical model proposed by Savenije and Veling [2005] [see also Savenije, 1992 Savenije, , 1993 Savenije, , 1998 Savenije, , 2001 Savenije, , 2005 . In particular, we have shown that the system of equations of Savenije and Veling [2005] can be solved in closed form, such that both an estimate of the velocity scale and the relationship for the marginal conditions can be obtained in terms of the external variables adopted herein. However, the analytical procedure is quite complex since it involves two different families of solutions. Moreover, as one may expect, the correspondence with numerical results is reasonable mainly for values of µ close to unity. In this respect, the scale (28), which has been derived on the basis of dimensional arguments, is simpler and seems more accurate for a larger set of parameters.
Finally, it is worth noticing that the geometry of the tidal channel has been strongly simplified in the present analysis, which essentially retains only the effect of the variable width. Some of the neglected aspects may turn out to be relevant, namely the effect of the incoming river discharge, depth variations and intertidal areas. The inclusion of such elements in a simplified model, like the one proposed here, would require a suitable schematization. The identification of a more realistic geometry, albeit simplified, through the definition of a macro-scale shape of the estuarine section, might constitute a step towards a better description of the natural systems. However, a one-dimensional model can hardly include relevant factors like the influence of the width to depth ratio (which crucially affects the bed response as shown by Seminara and Tubino [2001] ), the behavior of the residual currents and the formation of morphological cells. More in general, the model adopted herein is unable to describe the role of two-dimensional effects which are relevant when the width of the channels is large enough to be comparable with the other scales (like, for instance, the convergence length in the seaward part of some strongly convergent estuaries). An attempt to define a nested model which might be able to consider feed-back mechanisms among different scales is currently under investigation. Within the above framework, the development of more refined two or three-dimensional models able to reproduce the formation of bar forms within a local approach (like those recently proposed by Hibma et al. [2003] ) and to investigate the stability of the complex system of ebb and flood channels (like those described for instance by Winterwerp et al. [2001] ) would be highly desirable. Wolanski et al. [2003] ; b the values have been modified according to Toffolon [2002] ; c the value (7 m) of the reference depth reported in Lanzoni and Seminara [1998] seems unrealistic: our estimate is based on the original paper [Prandle and Crookshank, 1974] . Table 1 is reported in a log-log plot. Table 3 . Notation used by Savenije and Veling [2005] and correspondence with the quantities defined in the present paper. Square brackets indicate average over the tidal period. (48): data from real estuaries of Table 1 are represented using triangles where amplification is observed, squares for damping and circles when this information is not available. Figure 16 . The marginal curves obtained through the analytical solutions of (a) Lanzoni and Seminara [1998] , (b) Friedrichs and Aubrey [1994] , and (c) Savenije and Veling [2005] , are compared with those reported in Figure  13 . Data from real estuaries of Table 1 are also included, using the same notation of Figure 15 .
Lanzoni and Seminara
[1998] ψ φ K 0 R 0 Present paper ε 2π/λ µ γ χ/ε
